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Abstract 

In distribution theory the pullback of a general distribution by a C°°- 
function is well-defined whenever the normal bundle of the C°°-function 
does not intersect the wavefront set of the distribution. However, the 
Colombeau theory of generalized functions allows for a pullback by an 
arbitrary c-bounded generalized function. It has been shown in previous 
work that in the case of multiplication of Colombeau functions (which is 
a special case of a C°° pullback), the generalized wave front set of the 
product satisfies the same inclusion relation as in the distributional case, 
if the factors have their wavefront sets in favorable position. We prove a 
microlocal inclusion relation for the generalized pullback (by a c-bounded 
generalized map) of Colombeau functions. The proof of this result relies 
on a stationary phase theorem for generalized phase functions, which is 
given in the Appendix. Furthermore we study an example (due to Hurd 
and Sattinger), where the pullback function stems from the generalized 
characteristic flow of a partial differential equation. 

1 Introduction 

The pullback of a general distribution by a C°°-function in classical distribution 
theory, as defined in [71 Theorem 8.2.4], exists if the normal bundle of the 
C°° function intersected with the wavefront set of the distribution is empty. 
These microlocal restrictions reflect also the well-known fact that in general 
distribution theory one cannot carry out multiplications unrestrictedly, since 
the product of two distributions can formally be written as the pullback of a 
tensor product of the two factors by the diagonal map S : x <— > (x, x). 

Generalized functions in the sense of Colombeau extend distribution theory 
in a way that it becomes a differential algebra with a product that preserves 
the classical product • : C°° x C°° — ► C°°. In addition [SI Proposition 1.2.8] 
states that the Colombeau algebra of generalized functions allows the definition 
of a pullback by any c-bounded generalized function. The classical concept of a 
wavefront set has been extended to generalized functions of Colombeau type in 
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In [10] the microlocal properties of a product of generalized functions were 
investigated (which can be interpreted as the pullback of a generalized function 
by a C°° function) . It was shown that the classical microlocal inclusion relations 
for the wavefront set of a product of distributions (as in [JJ Theorem 8.2.10]) 
can be extended to generalized functions, if the wavefront sets of the factors are 
in favorable position. 

Furthermore the authors provided a counterexample for a product of Colombeau 
functions with wavefront sets in unfavorable position that fails the classical mi- 
crolocal inclusion. 

In the present paper we study the wave front set of a generalized pullback 
of a Colombeau function. 

We have divided the paper into four sections: 

• In the first section we introduce the concept of a generalized graph. 

• In Section 2 we define the transformation of a wave front set by a c- 
bounded generalized map and the normal bundle of a c-bounded general- 
ized map using the topological concept introduced in the first section. 

• The main theorem is stated in the third section. It is a generalization of 
Theorem 8.2.4]. 

• Section 4 provides two examples: The counterexample mentioned above, 
from [10] , is investigated in the light of our main theorem. We also study 
the Hurd-Sattinger example (a partial differential equation of first order 
with non-smooth coefficient) given in [12] , which was further investigated 
and solved in the Colombeau algebra (it is not solvable in L} oc , when 
distributional products are employed) in [9J. The microlocal properties of 
the generalized solution can be determined using our main theorem, since 
the solution is the pullback of the initial data (a generalized function) by 
the characteristic flow (a c-bounded generalized map). 

• In the Appendix a stationary phase theorem for generalized phase func- 
tions is presented, which is crucial for the proof of our main theorem in 
section 3. 

1.1 Notation and basic notions from Colombeau theory 

We use [JJ [51 Q3] as the standard references for the foundations of Colombeau 
theory. In the present paper we are working with special Colombeau algebras, 
denoted by S s in [6], although here we will drop the superscript V to avoid 
notational overload. 

The Colombeau Algebra: Let us recall the basic construction: A Colomb- 
eau (generalized) function on some open set f2 C M™ is defined as equivalence 
class (u e ) s of nets of smooth functions u £ 6 C°°(Q) and e €]0, 1] subjected 
to some asymtotic norm conditions (with respect to e) for their derivatives on 
compact sets. We have the following: 
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(i) Moderate nets £ M (Q): (u e ) e € C 00 ^) 10 ' 11 such that, for all K CC and 
aeH", there exists p£l such that 

sup ||<9 Q it e (a;)|| = 0(e~ p ) as e ^ 0. (1) 

x£K 

(ii) Neglible nets K (Q): (u e ) e € C 00 ^)! ' 1 ] such that, for all X CC ft and all 
q G K an estimate 

sup ||u e (a;)|| =0(e 9 ) as e -► 0. 

holds. 

(hi) £m (0) is a differential algebra with operations defined at fixed e, N (Q) 
is an ideal and S (fi) := £m (fi) /N(O) is the special Colombeau algebra. 

(iv) If we replace the nets of smooth functions by nets of real numbers in 
(i)-(iii) we obtain the ring of generalized numbers K. 

(v) There are embeddings, a : C°°(f2) <— ► S (O) as subalgebra and 

t : D'(17) =— > 9 (fi) as linear space, commuting with partial derivatives. 

(vi) ri ^ S is a fine sheaf and S c (Q) denotes the subalgebra of elements 
with compact support; using a cut-off in a neighboorhood of the support, 
one can always obtain representing nets with supports contained in a joint 
compact set. 

Regular Colombeau functions: The subalgebra S°° of regular Colomb- 
eau (generalized) functions consists of those elements in 9 (fi) possessing rep- 
resentatives such that the estimate ([TJ holds for a certain rn uniformly over all 
a € N". 



Rapdidly decreasing Colombeau functions: A Colombeau function 
in S (R n ) is called rapidly decreasing in the directions T C S*™ -1 , if it has a 
representative with the property that there exists a N 6 No, such that for all 

sup (1 + A 2 ) p/2 |u e (A£i)| = 0(6-*) as e -> 
(A,fi)eR+xr 

holds. 

Fouriertransform of a compactly supported Colombeau function: 

The Fouriertransform of a u € Sc (fi) is a well-defined Colombeau function in 
S (K n ) by 




where (u £ ) e is a representative of it with joint compact support in f2. 
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S°° wavefront set of a Colombeau function: If v 6 S c we define 
the set C S"^ 1 to be the complement of those points having open neigh- 
boorhoods T C S 7 ^ 1 such that 7{v) is rapidly decreasing in the directions T. 

is a closed subset of iS™ -1 . Now let u £ 9 (fi)- Then we define the cone of 
irregular directions at xo by 

^ec~(O), v (x )#0 
Then the (generalized) wave front set of u is the set 

WF(u) := {(x,0 £Ox S"- 1 ^ G S x (u)} 
We denote the projection onto the first component by 

sing supp(u) := {x G fi|(x,£) G WF(u)} 
and call this (generalized) singular support of u. 

2 The generalized graph 

In the first section we introduce the concept of a generalized graph for a c- 
bounded generalized map. The generalized graph extends the classical graph 
of a continous map, in the sense that the generalized graph of the embedded 
map (which is a c-bounded generalized map) coincides with the classical graph. 
Furthermore the generalized graph is closed in the product topology of the do- 
main and the image space of the generalized map. This concept will enable us 
to define the normal bundle of a generalized c-bounded map and the transfor- 
mation of a wave front set by a generalized c-bounded map (this is carried out 
in Section^]) . Throughout this section we let fix, 02 be open subsets of R™ resp. 
R m . 

Definition 2.1. By S[^i,^2] we denote the generalized maps F G S(^i) m with 
the property that F is c-bounded on fl± (into O.2), i.e. it possesses a represen- 
tative {F e ) e satisfying the condition 

VK CC Oi : 3K' CC n 2 ,3e > : such that Ve < e : F e (K) C K' . 

Definition 2.2. For (A e ) e a net with X e G K CC we introduce 

CP((A E )e) 

to denote the set of its clusterpoints. 

Let F G S [Oi , O2] be a c-bounded generalized map. Then the set 

Cp '•= \ (x, y) G Hi x ^2 I 3 a net (x e ) e in fii : lim x £ — x G f2i 

and y G CP ((F T ( £ )(x e )) e ) for some map 
r:]0,l] HQ,1],t(e)<e} 
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is called the generalized graph of F. Note that we do not consider nets (x e ) £ in 
f2i that converge to the boundary dVL\. 

Definition 2.3. Let F £ S [f^i , ^2] be a c-bounded generalized map. F is said 
to be equi- continuous at xq, if there exists a representative (F £ ) which is equi- 
continuous in x$: For all 7 > 0, there exists some 6 > such that 

\F £ (x) - F £ (x )\ < 7 

holds for all x £ Bs(xq) and e £]0, 1]. The generalized map F is called locally 
equi-continous on some subset X C f2 1; if it has a representative which is equi- 
continuous in each point x £ X . 

Example 2.4. Consider the c-bounded Colombeau function F defined by the 
representative (F £ ) £ 

F £ := sin (x/e), 

then it is easy to verify by the definition above, that the generalized graph is 

C F :=R x [-1,1]. 

Example 2.5. Consider the Colombeau function F := l(H), where H is the 
Heavyside function. If we set g := H*p, where p is the mollifier of the embedding 
l with J p(y)dy = 1, we have that F £ (x) := g(x/e) defines a representative of 
F. For all nets (x £ ) £ tending to xq 7^ 0, we obtain that F £ (x £ ) — > sign(xo) as 
e — > 0. Let us consider the nets (x £ ) £ tending to 0: Since we can find zero-nets 
(x £ ) £ such that (x £ /s) tends to any point in KU {±00} and g is continuous and 
bounded, we have that 

C F := {x £ M I x < 0} x {0} U {0} x lm(g) x {x £ R | x > 0} x {1}. 

Note that Im(g) is a closed interval that contains [0, 1]. 

Proposition 2.6. Let F £ 9^1,^2] be a c-bounded generalized map. If F is 
locally equi-continous on {1%, then it follows that the generalized graph of F can 
be determined pointwise by 

Cf = {(x, y) £ fix x n 2 I y £ CP ((F e (x)) e ) } 

Proof. We can choose a locally equi-continous representative (F £ ) £ and proceed 
along a standard argument: Let (x £ ) £ , (x' £ ) £ be two nets tending to £0 £ Qi. 
Then we have, using the local equi-continuity of (F £ ) £ on Cli, that for any map 
t :]0, 1] — >]0, 1] with t(s) < e and all 7 > we can find some 5 > 0, such that 
the distance is bounded by 

\Fr(e)(Xe) ~ F T{e) ( X ' s )\ < 1 

for all x £ ,x' £ £ B$/ 2 (xo)- Since lim 6 _^o x £ = lim e ^o x ' £ = xq there exists e' £ 
]0, 1] such that \x £ — x' E \ < 5 holds for all e < e' . Thus lim e ^ ^V(e) ( x e) — 
lim e ^o FT(e)( x e) and it suffices to consider the constant net x £ :— xq. For any 
map t :]0, 1] -^]0, 1] with r(e) < e we have that {F T i e \{xo)) e is a subnet of 
(F £ (x Q )) £ , hence fiH^ follows. □ 
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Lemma 2.7. Let F E S[^i,S^2] be a c-bounded generalized map. If (xo,yo) £ 
(Qi x f2a)\C'F) tten i/iere ea:is£ neighboorhoods Yq C f2 2 of yo, Xq C fij o/ xo 
and e' > smc/i i/ia£ 

y nF £ (x ) = 

/or all e < e' . 

Proof. Let (a;o,yo) € (^i x ^2)\Cf- The proof proceeds by contradiction: 
Assume that for all neighboords Y' C f2 2 of yo and X' C £7i of £o and for all 
e' > there exists some r = t(X' , Y',e') < e' with 

r'nF T(e ,)(x')^0. 

Then for all e G]0,1], by setting X' := B e (x ) n fit, F' := B £ (yo) H 2 and 
e' := e, we can find some x £ E B £ (xq) n f2i and r(e) < e such that -F T ( e )(a; e ) G 
B E (yo) H ■ Now (a; e ) e is a convergent net in fii with lim e ^o = Xo G fij 
and the net (F r ( £ )(x e )) e converges to yo. Since e i— > r(e) defines a map with 
r(e) < e and yo € CP ((F T ( e )(x £ )) e ) we have obtained (xo,yo) € Cp, which is a 
contradiction. □ 

Remark 2.8. Let X, Y be locally compact topological Hausdorff spaces. Assume 
that A C X x Y is a closed set (in the product topology) with the property that 
for all compact sets Xq CC X , it holds that A n (Xq x Y) is compact. Then it 
follows that the projection onto X 

nx 'X x Y — ► X 
(x, y) i — ► x 

has the property that ttx \a is proper and is thus closed. In particular ttx(A) is 
a closed set. 

Proposition 2.9. Let F E 3^1,^2] be a c-bounded generalized map, then the 
generalized graph Cf has the following properties: 

(i) It extends the classical notion of a graph (of a continous function) in 
the following sense: If F is the embedding of a continuous function G := 
{G\, G m ) € C(Oi, f2 2 ) ; i.e. F — i(G m )), then the generalized 

graph of F coincides with the graph of the continous function G. 

(ii) Cf is a closed set in the product topology of Qi x f£ 2 and 

(Hi) for any compact set Xq CC fl\ it holds that Cf H (Xq x f2 2 ) is a compact 
subset of ili x f2 2 . 

Proof, (i) follows by Proposition 12.61 and the fact that the embedding of a con- 
tinous function is a locally equi-continous generalized function. 

(ii) Let (xo,yo) G (Oi x Sl 2 )\Cp, then we know by Lemma [2~71 that there exists 
Xo C S}i,Yq C f) 2 open neighboorhoods of xq resp. yo and s' > 0, such that 

F £ (x o )ny o = 
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for all e < e' . Now for any point x € Xq and any net (x £ ) £ in ill converging to 
x, there exists some e' > such that x £ 6 Xq for all £ < e' . It follows that 

c F n (x x y ) = 0, 

so (ill x S1 2 )\CV is open in Sli x Sl 2 and hence Cjr is closed in the product 
topology of ill x Sl 2 . 

(iii) Since F is c-bounded we can find some e' > and a compact neighboorhood 
K CC ili of X a and X' CC il 2 , such that 

F e (K) C if' 

for all e < e'. Now if (x,y) £ C F H (X x Sl 2 ), there exists a net (x e ) e in 
Sli converging to x, such that y € CP ((F r ( e )(x e )) e ), where r :]0, 1] — >]0, 1] is 
some map with r(e) < e. Since (x E ) E converges to x and X is a neighboorhood 
of x there exists e' > 0, such that x £ £ K for all e < e'. It follows that 
(F t{e) (x £ )) £ € K' for all e < e'. So we have that CP ((F e (x e )) e ) C K' and 
(x, y)e X x X'. We conclude that C F H (X x fi 2 ) = C F n (X x Q 2 ) fl X X X' 
is a compact subset of Sli x il 2 . 

□ 

Lemma 2.10. Let _F G S[£li, SI2] oe a c-bounded generalized map. Furthermore, 
let Xq CC 51i a^rf := 7T2(C F H (Xo x S! 2 )). If Y is a neighboorhood ofYo, 
then there exists a neighboorhood X C Oi of Xq and e' > 0, suc/i that 

f £ (x) c r 

/or a// e < e' . 

Proof. First we proof the Lemma for Xo := {^o} containing only a single point 
xo G ill. We note that Y is a compact subset of Q 2 by Proposition ^. 91 Assume 
that the statement of the Lemma does not hold, that is for all neighboorhoods 
X' of xo and for all e > there exists some r(e) < e and x £ S X' with 

F T(e) (0£Y. 

Then (by setting X' = B e {xq)C\£1\) for all e €]0, 1], we can find ai £ £ S e (a;o)n 
ill and r(e) with r(e) < e such that F T i e \{x e ) £ Y. 

Since Y is a neighboorhood of Yq, we have that Y c DYq = 0. The net (x £ ) £ 
was choosen to converge to xq and the net (F T ( £ )(x £ )) £ € Y c has the property 
that the set of clusterpoints CP ((F r ( e )(x £ )) £ ) is contained in the closure of Y c . 
By the definition of the generalized graph C F we have that CP ((F T ( e ) (x e )) e ) C 
Yq, which contradicts the fact that Y c n Yq = 0. 

Now we consider the general case, when Xo is an arbitrary compact set. 
Then Y is a neighboorhood of 7r 2 (C/ n Xq x il 2 ) and it follows that Y is a 
neighboorhood of each set 7r 2 (C/ n {z} x il 2 ) for z S Xo. We can apply the 
first part of the proof for each point z and obtain (open) neighboorhoods X z of 
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each point z such that F e {X z ) C Z for all e < e z , where e z G]0, 1] depends on 
z. Since Xq is compact and (X z ) ze x is an open covering we can choose some 
finite subcovering (X Zk ) l k=1 . Then X := \J k=1 X Zk is a neighboorhood of X 
such that fe(X) C V holds for e < e' := mrrjj, =1 e Zk . □ 

Corollary 2.11. Let F G SfSli,^] fee a c-bounded generalized map. Fur- 
thermore let Xo CC fli and Yo := i^iiCp H x f^)- If Y (- Q2 is some 
neighboorhood ofYo, then there exists a neighboorhood X C f7i of Xo, such that 

c F n(x x n 2 ) c x x y. (2) 

Proof. If X' is the neighboorhood constructed in Lemma fe.lOl then we can find 
some 5 > 0, such that B$(Xo) C X'. Set X :— Bg/ 2 (Xo), then the statement is 
true, since X' is a neighboorhood for each point of X. □ 

3 Transformation of wave-front sets 

In this section we consider a c-bounded generalized map / G S[^i,^2], where 
Qi C R™, fl 2 C R m are open sets and r C fi 2 x S"™" 1 is a closed set. We 
define the normal bundle of a c-bounded generalized map and consider the 
transformation of wavefront sets by c-bounded generalized maps. 

Definition 3.1. Let y £ and Y CC ^2 be some compact set. Then we use 
the notation 

T v :={ V €iS m - 1 \(y,ri)€iT} 

and 

Ty := {n G S™" 1 \3yeY: (y,n) G T} = |J T. y . 
iVoie f/iai 6oi/i se<s are closed subsets of S™ 1 ^ 1 , since 

t y -7r 2 (rn(r x 

is the image of a compact set under the continous projection 
■■ (y, rj) i-> v- 

Definition 3.2. According to Definition 2.2] a net (A e ) e in R is said to be 
of slow-scale, if 

Be' G]0, 1] : Vt > 0, 3C t > such that | As]* < C t £~\ for all e < e' 
holds. 

Lemma 3.3. Let SI C R m be an open set and let T be some closed subset of 
il x S m ~ . Furthermore let Yq CC Q be a compact set. If V C is some 

closed neighborhood ofTY , then there exists a neighboorhood Y ofYo such that 

r y cy 

holds. 
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Proof. We note that Ty is a compact subset of S m 1 . For any compact set 
L CC K m and A > we define the set K\(L) := {z G W n \ 3z' G L : \z-z'\ < A}. 
Since V is a compact neighboorhood of the compact set IY there exists some 
<5 > such that K s (T Yo ) n S" 1 ' 1 n (S m - 1 \V) = 0. We proove the statement by 
contradiction: Assume the statement is false, then we have that for all e G]0, 1] 
there exists a point y e G Ks. £ (Y n ) with the property that T Vc % V. Therefore 
we can find some £ e G F Vc \V ^ for each e g]0, 1]. This leads to a net (y s , £ £ ) £ 
contained in the compact set Tn (Ss(Y ) x S" 1 ^ 1 ). Thus the net (y E ,^ E ) E has 
a finer net (y T r s ), £ T (e))e that converges to some (yo,£o) G T n (^(Fo) x iS"™ -1 ) 
and £o S r yo . Since y e G K e g(Yo), it follows that the clustcrpoint ya is contained 
in Yq. We conclude that £o € r yo C Ty . We have that there exists E\ g]0, 1] 
such that 

max (l£r(e) ~ Co|, |j/ T ( £ ) - 2/0 1 ) < <5 

holds for all e < £1. We have choosen 8 such that {£ G S" 1 ^ 1 | 3£ G T Yo : 
|£ — £o| < <5} C V. It follows that £ T ( £ ) G V for all e < s\, which contradicts the 
choice £ £ G □ 

Although the pullback of a Colombeau function u by any c-bounded gen- 
eralized map / is well-defined, we cannot derive a general microlocal inlusion 
for the pullback without requiring further properties for the generalized map /. 
We define an open subdomain Df of 17 1 x S" 1 ^ 1 , where the generalized map 
(x, 77) 1 — ► T df e (x)r] has certain properties which are needed to obtain a microlocal 
inclusion relation. This leads to the notion of a generalized normal bundle. 

Definition 3.4. Let f G 9 [f^i , ^2] be a c-bounded generalized map, then we 
define the open set Df by 

D f :={(x,r]) e!lix S" 1 " 1 | 3 neighboorhood XxVCftx S m_1 of (x,r?) 
and a positive net of slow growth (a e ) e ,3e' G]0, 1] : 
inf \o~e T dfe( x )v\ > 1 an d 

(ifl)EXxV 

sup \a e T df £ (x)r)\ < 1 for all e < e'}, 

(x, n )exxv ± 

where V 1 - := {77 G S" 1 ^ 1 | EI770 € V : (??, ?7o) = 0}. TTiera ifte generalized normal 
bundle of f is defined by 

N f := {(y,?7) G 2 x 5"- 1 | (x,y) G C/, (*,»?) g £>/}. 

77ms is i/ie analog to the classical normal bundle. Furthermore, we define the 
wave-front unfavorable support of f with respect to a closed set T C O2 x S"™ _1 
% 

[//(r) := {x G R" I (x, y) G C/, (x, rf) $ D f , (y, V ) G T}. 
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Example 3.5. We consider the c-bounded generalized map defined by 



fe(x, y) = (x + %y, x - j £ y), 

where lim e ^o 7e = 0. 

Then the transposed Jacobian is 



T dfe{x,y) 



1 1 

7e -7s 



and T df £ {x,y)n = {r) X +m,le{m ~ m))- Lct V ■= (±l>Tl) and j) 1 - := (±1,±1) 
then 

ae(x,fj) := \o- e T df £ {x)f)\ = j £ a £ 2 
b e {x,f,) := \a £ T df e (x)fj x \ = a £ 2 

shows that for any choice of a slow-scaling net a £ either a £ — > 0, b £ — > 1 G M + 
or a e — > 1 € K + , 6 e — > oo (the second case is ruled out if j £ is not a slow- 
scaled net). For all other n £ S' I1_1 \(±1, =pl) it is easy to find a neighboor- 
hood V of n and some slow-scaling net a £ , such that inf]R2 X y a £ (x, rj) > 1 



and sup R 2 X yi a £ (x,n) < 1 for e small enough. It follows that Df := 
^\(±l,Tl). 



p2 



X 



Lemma 3.6. The generalized normal bundle Nf and the wave-front unfavorable 
support Uf(T) of f (with respect to T) are closed sets. If Nf n T = 0, then 
U f (T) = t 

Proof. Let xo g 1 Uf(T), then since Df is open there exist neighboor hoods Xq 
resp. Vq of xq resp. Ty such that Xq x Vq C _Dy. By Lemma 13.31 there 
exists a neighboor hood Y" of Yq, such that Vb is still a neighboor hood of Ty- 
Corollary 12.111 provides a neighboorhood X' of xq such that Ct n (X' x f^) C 
X' x y. Now we can choose a smaller neighboorhood Ii C X' fl Xq (such 
that X' (~l Xo is a neighboorhood of X\) of xo, such that X\ x Vb C Df and 
Cf n (Xi x Q 2 ) C Xi x Y. For all zi G X x and y G fi 2 with (xi, y) G C/, it 
holds that (xi,y) G Xi x F and if (y, 77) G T it follows that 77 G Ty C V and 
thus (xi,n) E Df. It follows that £1 £ [// for all x\ € Xi, X\ n £// = and 
thus C//(r) c is an open set. □ 

A substantial step in the proof of the main theorem applies a generalized 
stationary phase theorem (in the Appendix). In order to obtain a lower bound 
for the gradient of the occuring phase function we have to consider the map 

Six x S" 1 - 1 x S" 1 - 1 -» S"™- 1 

/ m T df £ (x)r) 

So we introduce the following notation: 



\ T dfe(x)v\ 
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Lemma 3.7. Consider 



on the domain Df, then n ^ M e {x,n) defines an equi-continous Colombeau 
function in the r\ variable at fixed x. 

Proof. The map g : £ — > ||y is equi-continous on K"\S ( 5(0) for any fixed S > 
since 





i 




i 




~W\ 


~W\ 



e->i+i|(M-i{i) 



Let (x , r)o) £ Df, then we can find some neighboorhood X x V C x 5 m 1 
of (x , ?7o) suc h that 

inf |cr £ T (i/ £ (a;)?7| > 1 and sup |er £ T df £ (x)?7| < 1 

(x, n )£XxV ' (xfljGXxV 1 

for some slow-scaling net (a e ) e . Then we conlude that 

2 



T df e {x)ri- T dfe{x)0 
inf( K ,^) G xxv |<r £ T rf/ £ (a;)77| 



□ 



We T dfe(x) V \ 

■\£-v\<2\S-v\ 

uniformly for all x € Xq and £, G V. 

Remark 3.8. From i/ie preceding Lemma we obtain that if n e — ► 770 and a; e — > 
.to, t/ien 

CP((M £ (x £ ,r ?£ )) £ ) = CP((M £ (x £ ,r ?0 ))e), 

which simplifies the determination of the generalized graph Cm ■ 

Definition 3.9. Let f e 3^1,^2] be a c-bounded generalized map and assume 
that Df y^$. We define the transformation map by 

$/ :D f -^fl 2 x S™- 1 

(x,ri) ^ \f e {x), w 



T dfe(x)v\ 



Consider the projections 

n* /)2 :C* 0/ -» ft 2 x S ro -\ {x,r],y,t) i-» (y,r?) 
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and define the set f*T by 

fr^n^.ion^fr) 

= {(x,0 e fii x ^-^(x.^y.O G <?*,,(»,»;) g r}. 

In the case of Df = 0, we set f*T := Sli x S™ -1 . 

Lemma 3.10. Let / G S[Sli , ^2] &e a c-bounded generalized map and let T C 
^2 x S™ -1 oe a closed set in the product topology of T2 2 x S" 1 ^ 1 . Then the set 
f*T is closed in the product topology of Q,\ x S 11 ^ 1 . 

Proof. The maps 

III : ^1 X S" 1 - 1 xil 2 x S™- 1 fii x S"- 1 , 
n 2 :!!ix S 1 " 1 - 1 x f2 2 x S" 1 - 1 -> f2 2 x S™" 1 , 

are continous projections and we have that 
and 

n* /( 2 = n 2 |c* ■ 

C^j, has the following property: For all K CC f^i x S 1 ™ -1 there exists some K' C 
Cilix S""- 1 x!! 2 x S"- 1 such that C^nn^fK) C X' (cf. Proposition EM- 
By Remark |2. 81 the map n$ / .i is thus closed. It follows that II^i o n$ 2 (T) 
is a closed set in the subset topology of f2i x S" 1-1 . □ 



4 Generalized pullbacks of Colombeau functions 

In this section we prove the main result which gives a microfocal inclusion 
relation for the generalized pullback of a Colombeau function. The proof of the 
theorem relies on a generalized stationary phase theorem, the details of which 
are discussed in the Appendix. 

Definition 4.1. Let f G S [Oi , O2] be a c-bounded generalized map. Then we 
call f slow-scaled in all derivatives on the open set Xq C fix, if for all a G N n 
there exists slow-scaled nets (r a , e )e such that 

sup \d a f e (x)\ < C a r a . £ (3) 

Xo 

holds, where C a are constants. Furthermore we call f slow-scaled in all deriva- 
tives at xq G fix ? if there exists a neighboorhood Xq of Xq such that holds for 
allaeN n . 
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Define the sets 

Sf := {x € f2i | / is slow — scaled in all derivatives at x} 

and 

Kf(u):= P| nx(Cf n supp(u - k) x fi 2 )- 

feel™ 

Remark 4.2. The sets ^i{Cf D tti x supp(u — k)) are closed because tti \c f is a 
proper map and the sets supp(u -k) C !Ji and C f C U,\ x fi 2 ore closed. Thus 
the set Kf{u) is closed in the relative topology of VL\ C W 1 . 

Lemma 4.3. Let f £ S[f2i, f2 2 ] be a c-bounded generalized map. Furthermore let 
Xo ^ Uf(T)L)Sf andYo :— 7r 2 (C/n{2;o} x ^2)- IfW is some open neighboorhood 
o/(/*r) Xo , then there exist neighboorhoods X ofxg, V ofTy andY ofYg with 
the following properties: 

XxVC D f (T), (f*r) x C W, f s (X) C Y for all e < e', 
(f £ ) is slow — scaling in all derivatives on X and Ty Q V 

Furthermore there exists a positive constant c > 0, such that 

inf \M e (x, 77) - £1 > c for all e < e' 

(x,ri,i)eXxVxW 

holds (we are using the notation from Lemma \3.7\ ). 

Proof. From xq ^ Uf(T) it follows that {xo} x Ty is a compact subset of the 
open set Df. Thus we can find some neighboorhood X' x V' C Df of {xo} x ry . 
Since xq € Sf we can assume without loss of generality that / is slow-scale in 
all derivatives on the compact set X'. 

Since W is a neighboorhood of (/*r) Xo we have that 

(/* I% - tt 2 (Cm n {.to} x iy„ x cc W 

where Cm denotes the generalized graph of the generalized map defined by 
(x,rj) 1 — > M £ {x,rf) on the open domain Df. By Lemma 12.101 there exist neigh- 
boorhoods X" , V" of x resp. IY such that 

M £ (X" x V") C W (4) 

for all e < e' . Let V := V f) V", then by Lemma 13.31 we can find some 
neighboorhood Y of Yq such that Ty Q V. By Lemma 12.101 there exists some 
neighboorhood X'" of x such that f £ {X"') C F for small e. Let X := X' n 
X" n X'" and Z := X x V x W-" c . Then there exists (> £ , y e , £ e ) € Z (note that 
1— > |M 6 (x,77) — £| is a continuous function for each e e]0, 1] and Z is a 
compact set) such that 

c E := inf \M e (x,ri)-t\ = \M e (x e ,r k )-e e \ 

(x,r),«)GZ 

holds for some net (x £ ,'n £ ,£ £ ) £ . By ((4]) we have that c £ > c > holds for all 
e < e' , where c is a constant. □ 
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Theorem 4.4. Let / G SfOi,^] be a c-bounded generalized map with repre- 
sentative (f e )e- For u G S (^2) with representative (u £ ) e , we define the pullback 
f*U by 

f*u:= (u s (f e (x))) s 
Then f*u is well-defined and the microlocal inclusion relation 
WF(Pu) C f*WF(u) |J (U f (WF(u)) x S 11 " 1 ) |J ((K f (u) n S?) x S 11 " 1 ) 
holds. 

Proof. According to [5J Proposition 1.2.8] the pullback f*u is a well-defined 
Colombeau function in S(^i)- 

Let x G ili and Y = {y G 2 | (x ,y) G C/(£li)} and £ - We set V := 
WF(u) and T y := {77 | (y,jf) G T}. 

Suppose that (x ,f ) £ /*rlJC//(r) x U (#/(«) n Sj) x S*- 1 , so Co g 

(/*r)a. and x ^ t//(r)lJ-^/(w) n SS. We distinguish the cases x K f (u) U 
U f (T) and x Q £ S c f UU f (T): 

In the first case we have that there exists a generalized constant fe G W 1 with 
representative (fc e ) e , such that C/n{a;o} x supp(u — k) = 0. Hence for all y G Yq 
it holds that y ^ supp(u — k). Since Yq and supp(u — k) are two disjoint closed 
sets, we can find a closed neighboorhood Y of Yq such that Y n supp(u) = 0. 
Let x G C^°(£l2) with the property that x = 1 on some compact neighboorhood 
Y' C F° of Yo and su PP(x) Q Y. By Lemma f2 . 101 there exists a neighboorhood 
X' of x and e' G]0, 1] such that f e (X') C F' for e < e'. 

In order to show that £0 ^ (WF(f*u)) Xo for xq £ Kf(u) we have to find a 
smooth function tp with support on a neighboorhood of Xq, such that 3 r (f*utp) 
is rapidly decreasing on some neighboorhood of £o- 

We choose ip to be a smooth function with supp(y>) C X'. For all e < e' the 
identity f*u- tp = f*(xu) ■ tp holds, since the functions x an( i f where choosen 
such that (x / £ ) • tp = 1 for e < e'. We have that x ■ ( M e — &e) G N (^2) and it 
follows that fit • tp is 9°°, so Co i (WF(f*u)) Xo . 

Now we consider the case xo ^ Uf(T) U Sj. Let IF be an open set in 
S*™ -1 such that W c is a neighboorhood of £o- Lemma [4.31 implies that there 
exist neighboorhoods X of xq, Y of Yo and V of IY such that (f*T)x C IF, 
fs(X) C F for all e < e', Ty C V, (/ e ) is slow-scaling in all derivatives on X 
and inf( X)J)1 £ 1 ) g xxV r xVK c l-^eOcjfJi) — £i| > d > holds for all £ < £', where d 
is some positive constant. 

Let x € C^?°(^2) with the property that x = 1 on some compact neighboorhood 
Y' C F° of Y and supp(y) C Y. By Lemma \2 . 101 there exists a neighboorhood 
X' of x Q and £' G]0,1] such that f £ (X') C F' for £ < e'. Without loss of 
generality we can assume that X' C X. 

In order to show that £0 ^ WF(f*u) Xo for xq £ Kf(u) we will show that for 
a smooth function tp with support on a neighboorhood of £0 exists, such that 
3 r (f*utp) is rapidly decreasing on IF C (which is a neighboorhood of £o)- 
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We choose ip to be a smooth function with supp(<^) C X'. For all e < e' the 
identity (f*)u £ ip — f*{x u s) <P holds, since the functions x an d f where chooscn 
such that (x o / E ) • <p = 1 for e < e\. 

Set V := {r? E S™- 1 \ 3r]i e V,X e M + : 77 = A • 771} and W := E S""" 1 | 
3£ e W, A € K+ : £ = A • £1}. Obviously ^(ux) is rapidly decreasing on V c . We 
have that 



IW»),*>)«)I = IWx«),*>)«)l 



_ XUe{v)Is(tv)dv 

V 



Xu e (rj)I e (£,rj)dr} 
where we have set 

Isi&v) ■= / exp(i(/ e (x),77) - i{x,g))(p(x)dx. 



Xu e (r))I s (£,r})dr) 



We intend to apply the stationary phase theorem 16.31 (cf. the Appendix) with 



UJ 



<t>s := (fe(x), 



(X, 



Thus we have to find a bound for the gradient of the phase function |^(x)| = 
\ T df e (x)arji — (1 — a)fi| from below for all a e [0, 1], 771 = ry/|»7|, £1 = £/|£| and 
x G X. By optimization in the parameter a and using the notation of Lemma 
13.71 we can bound the expression 



inf df € (x)am — (1 — a)f\\ 



from below by 



inf 



F dfe(x)m\ 



(x^^exxvxw \ T df £ (x)r]i +£1 

1 | T d/ £ (a;)77i| 

~ iT^ 7ZXZ I /■ i l M e(a;,f?i) -61 



inf 



> 



(i.in.&JeXxFxK" 2 \ T df E (x)rji + 



inf 



>Cct7 1 inf \M e (x,r)i) -&| 



\M £ (x, m )-^\ 



where a E is the slow-scaling net from the Definition 13.41 According to Lemma 
] we have that 

d £ := inf \M £ (x, m )-^\> d>0 

{x,r tl ,£ 1 )GXxVxW'= 
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for e < e' , where d is a positive constant. Thus the gradient of the phase 
function is uniformly bounded from below by |<?^(x)| > Cd ■ a e for all (x, £, 77) € 
X x V x W c . The stationary phase theorem 16.31 yields 



\h&ri)\ < C q e- l (l + \t\ + \ V \)-« (5) 

for all g e No- Note that we use C, C p , C q and Ck, I as generic constants. In the 
case where (x, T), !;) E X x V c x W° the stationary phase theorem (now with the 
phase function exp (— i(x, £))) gives 



le| fc |/e(^)l = 



exp (-i(x, £)) exp (i(f s (x), T]))(p(x)dx 



(6) 



]T IWexpCM/e^WM))*')! 

|a|<fc 

and by repeated use of the chain rule we obtain the estimate 

\0\ 

< E E c ^) su p \d a -^(x)\j2M l - 

\a\<k(3<a xEX ° 1 = 1 

7l+-+71=/3 l<i<l xeX ° 

where 71 + 72 + • ■ ■ + 7; denotes a partition of the multiindex f3 in exactly 
I multiindices, that add up componentwise to (3. Using the notation \g\k ■= 
maxi a | = fc \d@f(x)\, we can bound the expression by 

Wl ( 

<^EEEh' + ^f = J n su p \(U x )^/\v\)\ hil 

\a\<k 0<ot 1=0 r K + -+'V P \i<i<ixeX,rieV<: 

<c» E EEH'^, +1 f -p i(/.(«)^/M>i i J 

a<k0<al=O '—I' VEX.jyeV / 



< Cfc >3 (l + |?7|) fe max max sup | (/ £ (x), r)/\r)\] 



l 



1=1 0<j<k-l + l 



Since f e (x) is of slow-scale in all derivatives at xo , it holds that for all j 6 No 
there exists constants Cj and slow-scaled nets r £j j such that 

sup \(fe(x),m)\j <Cjr Ej 
(i,rn)exxv c 

holds for small e. Summing up the estimates of the form ^ give that there 
exists constants C p such that 

|/ e (e, f 7)|<C p (l + H)-"e- 1 (l + |^|)'' (7) 
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holds for all peNp and (rj, £) g V c x W. We observe that 



i5-((r«)ev)(oi = 



Xui{ri) I s(t' r )) dr ] 



<C q e- x I \xue(r))\{l + \Z\ + \v\r g dv 



V 

+ C p (l + \Z\)-re- 1 I \xuM\a + \v\) P dv 
v 



holds and using ([5]) and ([7]) leads to the upper bound 

C q e~ x sup |(1 + \ V \r k X^(v)\ f (1 + + M) k - q dv 
■qev Jv 



+ C p (l + \t\yve- 1 - n / (1 + \rj\Y -%. 
Jv 

Finally we set k := q — p — m and I := p + n — 1 and obtain 

C q e~ x sup |(1 + H)- k xd~M\ I (1 + l£l + \v\) k ~ q dv 

r]£V JV 
f 

V 



+ c P (i + |e|)- p £ - 1 -" / (i + \t]\r- l dn 

Jv 

< C J ,, g>m , n e- 1 - n (l + 



for all £ € W° and C Pi9imi „ some constant depending on p, g, m and n. It follows 
that (s ,fo) gWF(Pu).' □ 

5 Examples 

Example 5.1 (Multiplication of Colombeau functions). TTiis example was pre- 
sented in UOl Example J^.2] in order to show that an inclusion relation like in 

Theorem 8.2.10] for the wave front set of a product of distributions, cannot 
be extended to Colombeau function with wavefront sets in unfavorable position. 

Consider the Colombeau functions u and v defined by 

u E := e- 1 p{e- 1 {x + ~{ e y)) 
v e ■= E~ 1 p{e~ 1 {x-^ e y)), 

where j s is some net with lim e ^o j e = 0. Note that in [10, Example 4-2] 7 e :— 
e 1 / 2 . These Colombeau functions are both associated to 5(x) (g> l(y) and the 
wavefront sets WF(u) = WF(v) = {0} x M x {(±1,0)} are in an unfavorable 
position. 

We are going to apply Theorem (|4.4p in order to calculate WF(u-v). First we 
rewrite u-v = f*i(6), where f e (x, y) = (x+^/ e y, x~^ £ y) with j £ some net tending 
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to zero. In Example (|3.5p we already showed that Dj = R 2 x 5 1 \(±1, =Fl). 
From [9, Theorem 15] it follows that WF(l(S)) = {(0,0)} x S 1 . The wavefront 
unfavorable support of / with respect to WF(t(S)) according to Defintion 13.41 
is 

U f ((0,0)xS 1 ) = {(0,0)}. 

Since f £ (x,y) is of slow-scale in all derivatives at all a; G M 2 , it follows that 
S c f =0. Now Theorem I4T1 gives that 

WF(u-v) C (0,0) x S 1 , 

which is consistent with the result in [TU1 Example 4.2]. 

Example 5.2 (Hurd-Sattinger). Let us consider the inital value problem 

d t u + &d x u + &'u = 
u(0,x) =u G g(R), 

where G S (R 2 ) is defined by Q e (x) — P-y e *H(—-) with p le — —p(-/je) where 
p € S(M),p > and j p(x)dx = 1 and "f £ = log(l/e) is a net of slow-scale. 
For the initial value we choose uq := i(#_ So ) a delta like singularity at —sq (for 
a positive sq > 0). The Hurd-Sattinger example was first given in (it was 
shown that it is not solvable in L[ oc , when distributional products are employed) . 
It was further investigated in \3$ with methods from Colombeau theory. In £5]/ 
the wavefont set WF 7 ( with respect to the slow-scale net j) of the Colombeau 
solution was calculated. For sake of simplicity we do only consider the standard 
generalized wave-front set WF, which is smaller since it neglects the singularities 
coming from the coefficient O . 

We have 

/>oo 

@ e (x) = / p{z)dz. 

Jx/f e 

Consider the ordinary differential equation for the characteristic curve, which 
passes through (t, x) at time t: 

d <r e (s;t,x) = Q £ (a £ (s;t,x)) 
a(t; t, x) = x. 

The derivatives of the characteristics fulfill linear initial value problems: If we 
set y e := dta £ (s;t, x) we obtain 

Ve = ®e(o- e {s;t,x))y e , y e (t;t,x) = -6 £ (x). 

If we set z e (s;t,x) := d x o~ £ (s; t, x), we obtain 

z £ = -Q £ (a £ (s;t,x))z £ , z £ (t;t,x) = 1. 
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This yields 

d t a £ {s;t,x) = -Q e (a e (s;t,x)) and d x a e (s;t, x) = 

If we set / £ (i, a;) := (t, u e (0; i, x)) then the solution of the initial value problem 
© reads 

UE = / £ (l 0Uo>e )._^ . 

We expect that the wave front set of u is generated from the first factor /*(1 ® 
Uq), since the second factor e ' ( ~Q ^*' z - > - > contains only slow-scale terms. The 
wavefront set corresponding to the initial value is T := WF(1 ® uo) = K x 
{—s } x {0} x {±1} and the transposed Jacobian of the generalized pullback / 
is 

„ , > r ( 1 -e s (^(0;*,a?)) \ 

df e {t,X) = B e (^(.0;t,x)) 

V u — — / 

If the Jacobian acts on £ := (0, ±1) G S 1 (which are the only irregular 
directions coming from the wavefront set of 1 ® u a ), we obtain 



\dfe(t,x) T C\ 
-1 



± 



v/i + e £ (x)- 2 Vi + ©e(x) 2 



Remarkably the result does only depend on the coefficient Q £ (x). Let z £ :— 
(t £ ,x £ ) — > (to,Xo) be some convergent net, then we immediately get that 

f (-Ci,C2> forx <0 
M e (z £ ,0^\ . forx >0 

1 (-Tfed.^fete.), «e[0,l] forx =0. 

In order to obtain estimates for the charactistic flow we note that < Q e (z) < 1, 
since the p was assumed to be positive. We conclude that 

a £ (0;t,x) < a £ (0;t,y) : x < y and a £ (0;p,x) < a £ (0;q,x) : q < p, 

since dt<J £ (0;t, x) < and d x a £ (0; t, x) > 0. Thus it is clear that 

x - t < a £ (0;t,x) < x (9) 

holds globally. Since E is monotone and positive, we can improve these bounds 
using the integral representation of cr e (0; t, x) by 

x - tQ £ (x -t)< cr £ (0; t,x)<x- te s (x). (10) 
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In order to determine C$ / we have to calculate all clusterpoints of nets (<r T ( e ) (0; t e , x e )) e 
for arbitrary nets (t e , x e ) e tending to (to, xo) and r :]0, 1] i— >]0, 1] some map with 
t(e) < e. Assume to > 0, then we have to distinguish three cases: If xq < then 
we can use the estimate (flU)) to obtain lim e _>o 0V(e)(Oi te, x e ) = xq — to- In the 
case Xq > we first solve cr T f e \ (0; t, x) = Xq/2 in the time variable and obtain 
globally defined (since <7 T ( e ) (0; t, x) is monotone) family of functions T e (x) with 
the property that <7 T ( e )(0; T e (x),x) — xq/2. If x > xo/2 we have that T e (x) > 0. 
Without loss of generality we assume that x e > Xq/2. Using (|10[) we derive the 
estimate 



It yields that lim £ ^ T e (x e ) = +oo, so t £ < T e (x e ) holds for small e. We obtain 



as e gets small. It follows that lim e ^o °V(e) (0; t e , x £ ) = xq. 

The case xo — is a bit more difficult: We proceed with an idea from the 
proof of [13l Proposition 3] . First off all we can observe that — t < lim e ^o "Vfe) (0',t,x) < 
0. Let (a e ) e be a strictly positive net with lim e a e ^o = and lim e ^ 0T(e)( a e)- 
Furthermore we define t e := t + a e . In the next step we construct nets 
(x £ , a ) e for each a £ [—t ,0] that converge to zero and have the property 
that lim e ^o <t t ( 6 ) (0; t e , x £jQ ) = a. We set x £ . a := cr T ( e ) (t e ; 0, a). Let S e (a) 
be the function, that solves cr r (e) (<? e (a); 0, a) — a £ globally. It exists because 
d x a £ (t; 0, x) is strictly positive and a e (t;0,x) is monotone. Since a e > and 
a G [— io,0] w e have that S e (a) > 0. Furthermore we can apply to obtain 
5*5 (ex) < —a + a £ . For all t > S e (a) it follows that 



that lim e _>o @r(e)( a e) = and t e := to + a e > —a + a e > <S e (a) for e small 
enough. Finally we have that the generalized graph of the phasefunction <j>f 
coming from the characteristic flow f e (t,x) = (t,a £ (0;t,x)) is 



Q f fir = {(t,t-s 0) 0,±l;0,-s ,Tl,±l) |t<s }U 

a 1 

{(so, 0, 0, ±1; 0, -so, T j. f ,± j. J I a € [0, 1]} U 

{(t, 0, 0, ±1; t, -s , 0, ±1) | t > s , a e [0, 1]} 
where f := {(x,r],y,£) £ i x S 1 x R x S 1 | {y,jj) £ T}. By Theorem EHl we 



T B (as) > 



X — Xq/2 



e T(e) (V2)' 



x £ - < e e e (x /2) < cr e (0; i e , x e ) <x E - t £ Q E (x e ) 




obtain 



WF{u) 



WF{f*{i®uo)) c ^(c^nr) 



{(t,t-s ;Tl,±l) I «< «o}U 




=)|ae[0,l]}U 
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Figure 1: Estimated wave front set of the generalized solution of the Hurd- 
Sattinger partial differential equation. 




6 Appendix: Stationary Phase theorem 

Definition 6.1. Suppose that g € 9 (fi) and let (g e )e be some representative, 
then we introduce the notation 

\g e \ k := £ \d a g £ \ 

\a\=k 

and 

HK.k,e{g) ■= sup\g E \ k 

K 

f4c,k,e(9) : = maxVKjAs)- 

Lemma 6.2. Suppose that g £ S (CI) with an non-negative representative (g e )e, 
such that there exists e' > 0, with g s (x) > for e < e' and all x G f2. Then it 
follows that for any K CC fl some compact set there exist some C, N such that 

5 2 \d a 9e(x)\ < C^g~(x)^l I2£ {g) 
\ a \=i 

holds for all x £ K and M is some compact set with K CC M° . 

Proof. Let K be some compact set and M CC fl such that K CC M° . We use 
the notation B$(K) := {x <E ft | 3xo E K : \x — xq\ < 8}. Then we can find 
some 6 > such that Bs(K) C M for some 5 > 0. Then we have for all x E K 
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that Bs(xo) C M. Choose some xo £ K. By Taylor's formula we obtain for any 
x = x + av with a € [0, 6] and |w| = 1 (note that in + rae £5(20 ) M), that 

< ff e (a;) < g £ (x ) + d v g e (x )a + ^m £ a 2 , 



where 



m £ (v) := max(sup\d v g £ \,2g £ (x )S 2 ). 

M 



So we can obtain the estimate 

\d v g s (x )\ < a~ l g £ {x Q ) + -m £ (v). 

Now we distinguish two cases: Let S 2 m £ < Ag £ (x ), then we set a — S and 
obtain 

S 2 

S\d v g £ (x a )\ < g £ (x ) + —m £ (v) 



j2 

{9e{xo) + —m £ {v)) 2 



6 4 

(.9e(^o) 2 + S 2 g £ (x a )m £ (v) + —m £ (v) 2 

< V (ge(xo) 2 + 5 2 g £ (x )m £ (v) + 5 2 m £ (v)g £ (x ) 
= V9e( x o)V9e(xo) + 2S 2 m £ (v). 



In the case where S 2 m £ (v) > 4g £ (x a ) we set a := y/2g e (xo)/m e {v) < S and 
obtain 



\d v g £ (x Q )\ < y / m £ /2^g £ (x ) + v — 

2yfm £ {v) 

= ^2m £ (v)^g £ (x ) 
We can finally conclude that the estimate 

S 2 \d v g £ (x Q )\ 2 < g £ (x )(g £ (x a ) + 25 2 m £ (v)) < ,g £ (x )(sup g £ (x) + 25 2 m £ (v)) 

xeK 

holds for all x € K, where m £ (v) is independant of x - □ 

Theorem 6.3 (Stationary phase theorem). Let u € S c (O) wzi/i support K CC O 
and <p £ e £(0) wzi/i i/ie property that there exists an e > and m e N suc/i 

inf (|^(ar)|) > X £ for all e < e (12) 
holds, with X £ some net tending to zero. Then we have that 

{v e ) e :=^Ju e {x)exp(iu4> e (x))dcj (13) 
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is a Colombeau junction in the tu variable and it is bounded by 



: kH| < L kte \~ k J2 sup\D a u e \, (14) 

\a\<k K 



where 

L k , £ := C fc max{l,^ f fc!£ (0 e ) 2fe2 } 
and M is some compact set with K C M° . 

Proof. It is obvious that (fT3"]) is a well-defined Colombeau function. The proof 
follows closely the proof of classical stationary phase theorem in Theorem 
7.7.1]. By N e (x) := |<^(a;)| 2 we denote the square of the norm of the gradient 
of the phase function. Let 

u v . e := N £ -Q^r u e 

and since 

iuj-^- exp (iujtfie) = d v exp (iuj(t> e ) 
we obtain after an integration by parts 

/„wi*-ii;/w^H)* 

(using the notation introduced in Definition 16. ip . We prove by induction: For 
k = we have the obvious bound 

u e exp (ioj(p e )dx\ < Csup |« e (a:)|. 

K 

Assume that the bound (fT4| holds for power k — 1, then we have that 

,k 



U! 



k-1 I n \ 

<L k _ 1<£ sup KeUi^r /2 ~ fe+1 

m—0 K \i/=l / 

holds. In the next step we are going to show that 

rn 

N^^2\u^ £ \ m < Mm^^lUelrNP^ (15) 
v r— 

holds. Again we are prooving by induction: For m = we have 
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and let us now assume that (JTSJ) holds up to m — 1. Let a be any multi- index 
with | a | = to. We apply d a on 

AT d ^ 

ax v 

and obtain 



fi<a ^ 



/3+e„ 



It follows that 



\N £ d a ul\ 



(m rn \ 

1=1 i=0 / 

^w,e |m — 1 



/3+e„ 



+ max (sup \N £ \ m ^i, sup |0 E |m-i+i 

1=0 

+ |Ue|m-l|0e|2) • 

Now we can apply Lemma ROl to bound |iV e |i- This yields 



£ \d a N e (x)\ < C lv ^)^//i* i2)e (iV £ ) 
l«|=i 

\(f>s\i < C 2 VN £ (x) 
and we can verify that 

n 

\d a N £ \ ^\Y J d a {d e ^ E {x)f\ 

i=l 

n 

i=l f)< a 

< K 2 X \<p s (x)\\ a \- k+1 \(ps(x)\k+l 
fe<|a| 

holds. This yields 

sup|iV £ |; < K 3 ^2sup\(p E (x)\i^ k+1 sup\(j) e (x)\ k+1 



K 



k<l 



K 



K 



(17) 
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We introduce 



cr £ , m ■= max(sup\N e \ h sup\(f> e \ l+ i) 

\2 



in order to simplify the notation. Using these bounds we can estimate (jTTJ) by 

C (iN^d^l^eiN^Uv^m-! + C 2 \N e \^ 2 \u £ \ m 

(m-2 m-l \ 

\N e \ l ' 2 \u v , e \ m . x + \N e \V 2 \u E \ m + Ml + E 
(=1 1=1 ) 

and the induction hypothesis (| 1 5[) for m — 1 gives 



m — 1 



M ro _i, e £ |u e | r iV/ 3 + |^e| 1/2 M: 

V r=0 

m — 2 I tn— 1 \ 

Z=l r=0 i=l / 



< C 5 a^- 

(m rn—2 £+1 

M^i^KlrNr^ 1 + max{l,M lte }^2\u e \ r Ne 
r=0 1=0 r=0 

(m-l \ l+l 

max{l,M iiE } Klr^r*^ 
1=0 ) r=0 

TCI 

< maxmax{l, M l<£ } ^ \u e \ r Nr^- . 

r=0 

It follows immediately that 



lib 

J2\u v , e \ m < M m , £ ^| U LJV^ (18) 



r=0 



holds, where M m . £ is defined by 

M m , e := 4 m) maxmax{l,M /i£ } = Ca^n™" 1 max 1} 
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is a generalized number. We are finally able to estimate ^ from above by 
fc-i / m+l 



Lk-l,e ^2 SUP M ™,+l,s ^2 KMr-Ak " N > 
m=0 K \ r=0 
fe 

< L k -l,eM k ,e(k ~ 1) J" sup (\u £ \ r Nt 
— ; k \ 



1 m + l 



The generalized constant is recursivly defined by 

fe 



L k , E := Lfc_i lB Mfc, e (fe-l) = (fe-l)!jjM Iie 

l=i 

fe i-i 

= C(fc-l)!jJo-W JJmax{<7«,l} 

/ fc \ fe (-i 



M=l / i=li=l 

< C fc max{l,^ :fci£ ((/) e ) 2fc2 } 
Note that for < r < k we have that 

N^ k < min{l,inf \4>' e (x)\- k } < A~ fc 

holds. □ 
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